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Abstract 
We contribute to the growing literature on high-frequency spot volatility estimation by deriving a new inte
gral representation for the recently introduced asymptotic minimum risk equivariant (AMRE) candlestick- 
based class of estimators. Our new theoretical representation enables the practical numerical computation 
of the hitherto impractical to compute optimal estimators based on multiple adjacent candlesticks. We 
also propose a new exact sampling scheme for high-frequency candlestick data, which facilitates straight
forward calculation of the asymptotic risk and confidence intervals for the estimators. The resulting critical 
values for the highest-density intervals highlight the substantial efficiency gains from incorporating more 
than one candlestick in the estimation process. We showcase the practical value of the new techniques in 
elucidating the behavior of financial market volatility around the time of important news announcements.
Keywords: high-frequency candlestick data, nonparametric estimation, numerical methods, range-based estimation, 
spot volatility
JEL classifications: C14, C22

Volatility plays a crucial role in asset pricing, portfolio and risk management, and the pric
ing and trading of derivative financial instruments. Volatility, and the estimation thereof, 
also sits at the core of financial econometrics. Some of the earliest formal estimators of vola
tility, dating back almost half-a-century, relied on parametric methods together with the 
high-low price range observed over a fixed time interval, typically a day or longer (Parkinson 
1980; Garman and Klass 1980). Meanwhile, starting in the mid to late eighties, the focus 
of the volatility literature largely shifted to the use of parametric (G)ARCH and stochastic 
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volatility type models (see, e.g., the surveys by Bollerslev, Engle, and Nelson 1994; Ghysels, 
Harvey, and Renault 1996). This was subsequently followed by another shift almost two deca
des later to the predominant use of nonparametric so-called realized volatility measures 
(Andersen and Bollerslev 1998; Barndorff-Nielsen and Shephard 2002), as surveyed in Andersen 
et al. (2006). More recently, motivated by the speed of today’s financial markets and the popular 
use of identification schemes predicated on economic news announcement effects, there has been 
an increased focus on the estimation of volatility over ever finer intraday time intervals, with the 
resulting estimators often interpreted as proxies for the latent instantaneous, or spot, volatility at 
a given point in time (see, e.g., the recent studies by Li and Linton (2023) and Figueroa-L�opez 
and Wu (2024), along with the introductory discussion in Andersen and Bollerslev (2018).1

This more recent literature on spot volatility estimation typically relies on high-frequency 
intraday, or tick-by-tick level, price data. However, such data can be both costly and difficult 
to obtain, especially for many international markets and assets. By contrast, “candlestick 
data” comprised of the first (open) and last (close) prices together with the highest and low
est prices over short intraday time intervals, often down to 1-min, are now readily available 
for a host of different assets and markets through public databases (e.g., Yahoo Finance), 
commercial data services (e.g., Bloomberg), and various trading platforms (e.g., Robinhood). 
This has also spurred explorations into the use of such high-frequency mixed data for en
hanced volatility estimation. Until fairly recently, however, these studies have generally relied 
on the direct use of the range-based estimators originally proposed for daily and lower fre
quency data almost half-a-century ago (e.g., Christensen and Podolskij 2007, 2012; Martens 
and van Dijk 2007; Li, Wang, and Zhang 2024). Meanwhile, as shown by Bollerslev, Li, and 
Li (2024), the traditional range-based estimators are in general suboptimal in the high- 
frequency setting. They also do not fully exploit all the features and information embedded 
in the candlestick data. In an effort to rectify these deficiencies, Bollerslev, Li, and Li (2024)
derived the class of optimal high-frequency candlestick-based spot volatility estimators, with 
the exact form of the optimal estimators explicitly geared to the relevant loss criteria.

Unfortunately, the semi-closed form expressions for the new optimal estimators derived in 
Bollerslev, Li, and Li (2024) are computationally challenging to implement in practice, and effec
tively infeasible when jointly considering the information in more than two candlesticks. As 
such, the numerical illustrations and efficiency comparisons presented in their paper are also lim
ited to estimators based on only two candlesticks. This difficulty essentially arises from a curse- 
of-dimensionality problem associated with the computation of certain multivariate conditional 
expectation functions. Motivated by these difficulties, we make several theoretical contributions 
to enable the practical implementation and numerical analyses of the new optimal estimators.

First, by incorporating new analytical insights into the formal derivations, we obtain a 
novel integral representation for the optimal estimators. This alternative representation 
conveniently bypasses the curse-of-dimensionality problem that plagues the practical im
plementation of the original theoretical expressions alluded to above, in turn rendering the 
calculation of the estimators practically feasible for any number of candlesticks.

Second, we propose a new exact sampling scheme for the simulation of candlestick data. 
Compared to the conventional Euler discretization scheme traditionally used for the simulation 
of discretely sampled diffusion processes, our approach is orders of magnitude computationally 
more efficient.2 Importantly, the new approach also avoids the well-known “inward” biases as
sociated with simulating extreme observations, and Brownian functionals in particular. 
This new method in turn enables precise calculations of the asymptotic risks of the 

1 The option-implied SPOTVOL index for the S&P 500 (based on the methodology in Todorov (2019) and 
Todorov and Zhang (2022) recently introduced by the CBOE as a complement to the ubiquitous one-month 
VIX index also underscores this renewed focus on spot volatility.

2 Several other tailor made numerical and simulation methods explicitly motivated by the difficulties associ
ated with the practical calculation of various volatility estimators have also previously been proposed in the liter
ature (see, e.g., Bladt and Sørensen 2014; Bladt, Finch, and Sørensen 2016).
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candlestick-based estimators and the construction of confidence intervals. It also holds the 
promise of additional broader applications in other econometrics and statistics problems in
volving extreme Brownian functionals.

Third, we present new extensive numerical analyses to further clarify the asymptotic per
formance of the optimal estimators. Our new results underscore the sizable efficiency gains 
afforded by the now computationally feasible optimal estimators based on multiple candle
sticks compared to other commonly used estimators. We also demonstrate that multiple- 
candlestick estimators constructed by simply combining single-candlestick estimators in an 
ad hoc fashion may perform quite poorly.3 Our new numerical analyses also directly link 
the performance of the optimal estimators to various features of the candlesticks, thereby 
more clearly illuminating where the efficiency gains are coming from.

Fourth, we illustrate the practical usefulness of the new estimators in an empirical applica
tion pertaining to the behavior of aggregate stock market volatility around the time of the an
nouncement of key inflation indicators. The new optimal high-frequency candlestick-based 
estimators generally point to a sharp immediate spike along with significantly higher volatil
ity for up to 30 min after the news releases. By comparison, the crude volatility estimates 
obtained by summing the high-frequency squared returns over short time intervals that are 
sometimes used in the literature provide a much “noisier” picture, making it difficult to tell 
how the market volatility changed in response to the news announcements.

The remainder of the paper is structured as follows. Section 1 introduces our new theoreti
cal results and corresponding procedures for efficiently calculating the optimal spot volatility 
estimators along with our new efficient procedures for simulating candlestick data. Section 2 
presents numerical analyses pertaining to the asymptotic risks of the estimators along with 
comparisons to other suboptimal estimators previously used in the literature. Section 3 
presents an empirical application involving market volatility at the time of inflation news 
announcements. Section 4 concludes. All the proofs are deferred to the Appendix.

1 Feasible Optimal Candlestick-Based Volatility Estimation
This section details our new representation and practically feasible methods for the construc
tion of optimal candlestick-based volatility estimators. It also presents our new exact sam
pling scheme for candlestick data. We begin by briefly reviewing the theoretical framework 
and the form of the optimal estimators originally presented in Bollerslev, Li, and Li (2024).

1.1 Theoretical Background and Semi-Closed Form AMRE Estimators
We assume that the log-price process P is an Itô semimartingale defined on a filtered proba

bility space 
�
Ω;F ; ðF tÞt≥0;P

�
expressed as: 

Pt ¼ P0þ

ðt

0
bsdsþ

ðt

0
σsdWsþ Jt; 0≤ t≤T; (1.1) 

where the drift b and the volatility σ are c�adl�ag adapted processes, W is a standard 
Brownian motion, and J is a pure jump process driven by a Poisson random measure.4

3 The early work by Foster and Nelson (1996) on rolling regressions and sample variance estimation simi
larly emphasized the importance of unequal weighting when volatility is time-varying (see also the more recent 
study by Ghysels, Mykland, and Renault (2023).

4 For ease of presentation, we deliberately exclude microstructure noise. Relatedly, most vendors build their 
candlesticks from trade prices as opposed to quotes. High/low trade prices could, of course, still be contaminated 
by bid-ask bounce effects. However, as discussed in more detail in Bollerslev et al. (2024), for highly liquid assets 
with “sufficiently coarsely” sampled candlesticks this distortion is arguably negligible. For less liquid assets, 
where this effect can be more severe, the bias in the local extrema could be formally characterized using the 
results in Bibinger Jirak, and Reiss (2016).
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Our focus is on the pth power transformation of spot volatility at some fixed time t, that is 
σp

t . Empirically relevant choices for p include p¼ 1 (spot volatility), p¼ 2 (spot variance), 
and p¼ − 1 (spot precision).

We construct an estimator of σp
t using candlesticks over k consecutive time intervals of 

the form In � [
k
i¼1IðiÞn , where the ith interval is IðiÞn � ½ði− 1ÞΔn; iΔn�, and t 2 In. The candle

stick observation for each interval comprises the opening, high, low, and closing prices 

over IðiÞn . The information about within-interval price movements can be summarized using 
the following normalized returns: 

ri �
RðiÞiΔnffiffiffiffiffiffi
Δn
p ; hi �

supt2IðiÞn
RðiÞt

ffiffiffiffiffiffi
Δn
p ; li �

inft2IðiÞn
RðiÞt

ffiffiffiffiffiffi
Δn
p ; (1.2) 

where RðiÞt � Pt −Pði − 1ÞΔn . Accordingly, the candlestick return features for k successive 
intervals may be succinctly expressed as Ck ¼ ðri;hi; liÞ1≤ i≤k.

We rely on infill asymptotic analysis, assuming that the length of the sampling interval 
Δn ! 0, corresponding to the use of high-frequency candlestick observations. 
Additionally, we treat k as fixed, emphasizing the small-sample nature of the spot estima
tion problem. An estimator of σp

t based on k candlestick observations thus takes the generic 
form f ðCkÞ, for some measurable function f : R3k ! Rþ . Since volatility represents a scale 
parameter, we focus on scale-equivariant estimators that satisfy f ðλxÞ ¼ λpf ðxÞ for all λ>0 
and x 2 R3k.

Adapting a small-sample “coupling” argument, it is possible to show that, with k fixed 
and Δn ! 0, the estimation error of a scale-equivariant estimator bσp

t ¼ f ðCkÞ admits a non

standard limit distribution. Specifically, let ðfW
ðiÞ
Þ1≤ i≤k denote k mutually independent 

standard Brownian motions and define efk � ð
efi;r;

efi;h;
efi;lÞ1≤ i≤k where 

efi;r �
fW
ðiÞ
1 ;

efi;h � sup
t2½0;1�

fW
ðiÞ
t ;

efi;l � inf
t2½0;1�

fW
ðiÞ
t : (1.3) 

It then follows that: 

bσp
t

σp
t
!
d

f ðefkÞ: (1.4) 

Importantly, the limit variable, f ðefkÞ, is pivotal and does not depend on any nui
sance parameters.

This asymptotic result in turn enables the calculation of the asymptotic estimation risk. 
When the loss function is scale-invariant, this estimation loss may be conveniently 
expressed as Lðbσp

t =σp
t Þ for some loss function Lð�Þ. For any continuous loss function Lð�Þ, 

the continuous mapping theorem further implies that Lðbσp
t =σp

t Þ!
d

L
�

f ðefkÞ
�

. Accordingly, 

the asymptotic risk of bσp
t ¼ f ðCkÞ is given by Rðf ;LÞ � E½L

�
f ðefkÞ

�
�. Since the distribution 

of efk is known, this asymptotic risk can in principle be computed for any estimator f ð�Þ and 
loss function Lð�Þ. The optimal estimator, which minimizes the asymptotic risk, is referred 
to as the asymptotic minimum risk equivariant (AMRE) estimator. However, the highly 
nonstandard distribution of the random vector efk severely complicates the functional mini
mization problem and the formal derivation of the optimal estimator.
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More concretely, consider the two commonly used loss functions, Stein and quadratic: 

LSteinðxÞ � x − log x − 1; LQuadðxÞ � ðx − 1Þ2: (1.5) 

In addition to the absolute return jrij, further define wi � hi − li, representing the candle
stick range, and ai � jhiþ li − rij, measuring its asymmetry. The AMRE estimators under 
the two loss functions may then be formally expressed as: 

bσp
SteinðkÞ ¼ wp

1 �
1

Fk;p
jr1j

w1
;

a1

w1
;
w2

w1
;
jr2j

w1
;

a2

w1
; . . . ;

wk

w1
;
jrkj

w1
;

ak

w1

� � ;

bσp
QuadðkÞ ¼ wp

1 �

Fk;p
jr1j

w1
;

a1

w1
;
w2

w1
;
jr2j

w1
;

a2

w1
; . . . ;

wk

w1
;
jrkj

w1
;

ak

w1

� �

Fk;2p
jr1j

w1
;

a1

w1
;
w2

w1
;
jr2j

w1
;

a2

w1
; . . . ;

wk

w1
;
jrkj

w1
;

ak

w1

� � ;

(1.6) 

where the function Fk;q : R3k − 1 ! R for q 2 fp;2pg is defined as the conditional expectation: 

Fk;q
jr1j

w1
;

a1

w1
;
w2

w1
;
jr2j

w1
;

a2

w1
; . . . ;

wk

w1
;
jrkj

w1
;

ak

w1

� �

� E½ef
q
1;w j

efi;w

ef1;w

¼
wi

w1
;
jefi;rj

ef1;w

¼
jrij

w1
;
efi;a

ef1;w

¼
ai

w1
; 81≤ i≤k�;

(1.7) 

where efi;w �
efi;h −efi;l and efi;a � j

efi;hþ
efi;l −efi;rj. These semi-closed form solutions effectively 

reduce the functional risk minimization problem to the computation of the conditional 
expectations defined in Equation (7). Utilizing this representation, Bollerslev, Li, and Li 
(2024) were able to derive closed-form solutions for the case of k¼ 1, albeit fairly compli
cated ones. However, for k>1, no such solutions are currently available.

Instead, a brute force numerical approach based on the use of Monte Carlo simulations 
combined with flexible nonlinear fitting procedures could in principle be used to calculate 
the requisite conditional expectation function. That is also the approach adopted for k¼ 2 
in Bollerslev, Li, and Li (2024). However, since the dimensionality of the conditioning vec
tor grows as 3k− 1, such an approach is practically infeasible for k>2. Alternatively, as 
we show next, by delving deeper into the analytical structure of the problem, it becomes 
possible to bypass this curse-of-dimensionality issue by reformulating the requisite compu
tation as a univariate numerical integration, thereby facilitating the calculation of the 
AMRE estimator for any value of k.

1.2 Practical Numerical Computation of AMRE Estimators
Our new and more efficient computational method involves an alternative representation 
of the AMRE estimators. To formalize the said representation, let ϕðxÞ � ð2πÞ− 1=2e− x2=2 

denote the standard normal density function, with its second derivative denoted by 
ϕ00ðxÞ � ðx2 − 1ÞϕðxÞ. Also define the function Mk;pðCkÞ as: 

Mk;pðCkÞ �

ð1

0
v3kþ p − 1

Yk

i¼1

egðvjrij; vwi; vaiÞdv; (1.8) 

where 
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egðr;w; aÞ �
X1

m¼−1

�
m2ϕ00ð2mwþ rÞ− mðmþ 1Þϕ00ðð2mþ 1Þw − aÞ

�
: (1.9) 

The latter effectively represents a “kernel” for the conditional density function associ
ated with the conditional expectation in Equation (1.7). Using this notation, the following 
proposition obtains (the requirement that k≥ ð1 − 2pÞ=3 is only needed when p<0 to 
ensure that the Mk;pð�Þ functions are well defined).

Proposition 1.  For any k≥ ð1 −2pÞ=3Ú1, the AMRE estimators described in Equation 
(1.6) can be represented as: 

bσp
SteinðkÞ ¼

Mk;0ðCkÞ

Mk;pðCkÞ
; bσp

QuadðkÞ ¼
Mk;pðCkÞ

Mk;2pðCkÞ
:

Proposition 1 simplifies the computation of the AMRE estimator to evaluating the 
Mk;pð�Þ functions in Equation (1.8). Importantly, this only requires a one-dimensional 
numerical integration. Although the integrand still involves the calculation of an 
infinite sum, as defined in Equation (1.9), the corresponding summand terms 
converge exponentially fast as jmj ! 1 and v ! 1.5 In practice, one may therefore 
truncate the sum and the integral limits at a “sufficiently large” value with negligible 
loss of numerical precision. Consequently, the univariate integral may easily be 
computed to machine precision using textbook numerical techniques.6 In practice, 
we truncate the sum in Equation (1.9) to jmj<M and the integral in Equation (1.8)
by 
ÐΛ

ε ð�Þdv where minfΛ;ε− 1;εMg ! 1. Then the total truncation error satisfies 

Errorðε;Λ;MÞ ¼ O e − π2

4ε2 þMΛpþ1e − ε2M2
4 þΛpþ 1e − Λ2

2

� �

¼ oð1Þ:

Compared to the “brute force” approach used in Bollerslev, Li, and Li (2024) for 
handling multiple candlesticks, which relies on a deep neural network (DNN) for 
estimating the entire optimal estimation function, our new method is substantially 
more computationally efficient. In particular, by directly leveraging the analytical 
insights into the distributions of the candlestick features, we bypass the difficult 
“blind” simulation-based nonparametric estimation of a multivariate conditional 
expectation function. Also, rather than trying to estimate the entire function f ð�Þ, 
our approach only requires the evaluation of the estimator at the observed data 
point f ðCkÞ. This in turn combines to allow for a much more computationally 
efficient and accurate approach. 

We turn next to a discussion of our new sampling method designed to efficiently and 
accurately simulate the requisite candlestick features that serves as the foundation for the 
numerical calculations of asymptotic risks and confidence intervals.

5 Since ϕ00ð�Þ is even, when w¼ a and r¼ 0, i.e., a candlestick has the dragonfly/gravestone “doji” pattern, 
the m and −m terms in (1.9) cancel. Consequently, the integrand in Mk;pðCkÞ is identically zero, and above rep
resentation becomes an indeterminate form. Therefore, we recommend excluding such candlesticks in practice. 
We also recommend filtering out candlesticks whose ranges are anomalously high or low relative to the local 
k-candlestick window, as such outliers often reflect implausible abrupt volatility spikes and can destabilize the 
estimator (see Section SC.2 in the online supplementary material for details).

6 MATLAB codes for computing the estimators and implementing the exact simulations discussed below are 
available in the online supplementary material.
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1.3 An Exact Sampling Scheme for Candlestick Data
Let efk � ð

efr;
efh;
eflÞ denote the random vector previously defined in Section 1.1, where for 

ease of notation we omit the subscript i. The primary challenge in simulating efk arises from 
the fact that efh and efl are both extreme functionals. These functionals are typically simu
lated using a standard Euler discretization scheme, in which a discretized Brownian motion 
is drawn from a “fine” mesh over the unit time interval. The extreme values, efh and efl, are 
then simply approximated by the maximum and minimum of the discretized simulated pro
cess. However, these simulated extremes are invariably “inward” biased compared to their 
theoretical values (see Proposition 3 in Asmussen, Glynn, and Pitman 1995). This bias 
could, of course, be reduced through the use of a very fine mesh. But, that will also substan
tially increase the computational cost. The cost is further compounded when a large num
ber of simulations is required, as is the case in the present setting involving numerical 
calculations of asymptotic risks and confidence intervals by Monte Carlo methods.7

The following proposition provides a convenient cost-effective solution for the simula
tion of extreme Brownian functionals more generally.

Proposition 2.  Let r denote a random draw from Nð0;1Þ. Draw u and v 
independently from the uniform distribution U½0;1� and 

set h¼
�

rþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − 2 logð1− uÞ

p �
=2. Given r and h, set l as the solution 

to v¼ Fðl; r;hÞ where 

Fðl; r; hÞ ¼ 1 −
X1

m¼−1
m

ϕ0
�

r − 2mðh − lÞ
�

ϕ0ð2h − rÞ
− ðmþ1Þ

ϕ0
�

r − 2mðh − lÞ− 2h
�

ϕ0ð2h − rÞ

0

@

1

A
;

in which l≤ ðrÙ0Þ and ϕ0ðxÞ ¼ −xϕðxÞ. It holds that ðr;h; lÞ¼d ðefr;
efh;
eflÞ. 

To the best of our knowledge, the proposed algorithm for jointly simulating 
the terminal value, supremum, and infimum of a Brownian motion is novel. 
The method draws sequentially from the relevant conditional distributions, 
ensuring exact simulation from the target joint distribution. The only nontrivial 
computational step involves numerically solving the nonlinear equation 
v¼ Fðl; r;hÞ, which entails an infinite sum. However, the monotonicity of Fðl; r;hÞ
guarantees a unique solution and since the summands decay rapidly as m ! 1, 
standard numerical methods can easily be used to accurately evaluate the sum to 
machine precision. 

To more formally quantify the corresponding computational gains, note that the tailed 
sum of Fðl; r;hÞ over jmj>K obeys an exponential bound of expf−2K2ðh − lÞ2g. Hence, to 
achieve truncation error ε it suffices to take K�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logð1=εÞ

p
. Since Fðl; r;hÞ is strictly in

creasing, a one-dimensional inversion by iteration (e.g., Newton’s method) requires 

O
�

logð1=εÞ
�

function evaluations (see Theorem 5.2.3 in Stoer and Bulirsch 2002). The 

per-draw cost of the proposed simulation scheme is therefore only O
�

log ð1=εÞ3=2
�

, that is, 

polylogarithmic in the tolerance. By comparison, a conventional Euler scheme would 
require Oðε− 1=2Þ time steps per path to control the “inward” bias at level ε. Simply put, 
our new exact simulation scheme is not only bias-free, it is also highly computation
ally efficient.

7 For example, Li et al. (2024) conducts N ¼ 108 simulations with M¼ 107 mesh points in a similar context, 
resulting in an extremely computationally expensive 1015 number of random draws.
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2 Properties of Optimal Candlestick-Based Volatility Estimators
The new representation for the AMRE candlestick-based estimators in Proposition 1 and 
the exact sampling scheme for candlestick data in Proposition 2 combine to allow for the 
practical implementation and deeper numerical analysis of the theoretical properties of 
the optimal estimators. We begin our analyses by calculating the confidence intervals and 
the asymptotic risks of the estimators. We then compare the estimation risk of the optimal 
estimators to that of other suboptimal estimators previously proposed in the literature, fur
ther clarifying where the efficiency gains are coming from.

2.1 Confidence Intervals and Asymptotic Risk
Our calculation of the confidence intervals relies on the same fixed-k inference approach 
used by Bollerslev, Li, and Liao (2021) and Bollerslev, Li, and Li (2024). In particular, by 
simulating a large Monte Carlo sample for efk, it is possible to numerically select an interval 
½Lα;Uα� that satisfies the condition: 

PðLα ≤1=f ðefkÞ≤UαÞ ¼ 1 − α; (2.1) 

for a chosen confidence level 1 − α. Using the continuous mapping theorem together with 
(2.4), it follows that Pðσp

t 2 ½Lαbσp
t ;Uαbσp

t �Þ ! 1 − α, confirming that the interval 
½Lαbσp

t ;Uαbσp
t � achieves the correct asymptotic coverage. While there are infinitely many 

choices for ½Lα;Uα� that satisfy this coverage criterion, it is natural to select the highest den
sity (HD) interval, ½LHD

α ;UHD
α �, which minimizes the interval length Uα −Lα.

Table 1 provides the resulting critical values for various numbers of candlesticks, or 
block sizes k 2 f1; . . . ;20g, and the two standard confidence levels, 90% and 95%, for the 
spot volatility, σt, and the spot variance, σ2

t , reported in Panels A and B, respectively. 
The optimal estimators under Stein’s and quadratic loss functions are reported in the left 
and the right portions of the table, respectively. All of the calculations are based on one 
million Monte Carlo trials.

Comparing the results across rows, the length of the HD confidence intervals naturally 
narrows as the number of candlesticks k used in the estimation increases, underscoring the 
substantial efficiency gains afforded by the use of multiple adjacent candlesticks (k>1) as 
opposed to a single candlestick (k¼ 1) in the estimation process. The intervals that obtain 
under quadratic loss are typically slightly wider than those under Stein’s loss. The intervals 
are obviously also positioned differently under Stein’s and quadratic loss, with the latter 
generally shifted slightly to the right, reflecting the relatively higher penalty associated with 
overestimation under quadratic loss.

Turning next to the risks of the estimators, for each estimation function f ð�Þ, we compute 

its asymptotic risk E½L
�

f ðefkÞ
�
� using Monte Carlo integration and the new exact sampling 

scheme for drawing efk. To underscore that the AMRE estimators explicitly depend on the 
choice of loss function, we report their asymptotic risks under both Stein’s and quadratic 
loss. In addition, we also compute the asymptotic bias and asymptotic variance of the esti
mators, defined in relative terms as: 

Bias � E½f ðefkÞ�− 1; Var � Var
�

f ðefkÞ
�
: (2.2) 

Looking at the results summarized in Table 2, the biases of bσSteinðkÞ and bσ2
SteinðkÞ are vir

tually zero for all values of k, consistent with the fact that the AMRE estimator under 
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Stein’s loss is unbiased (Brown 1968).8 By contrast, the biases for both bσQuadðkÞ and 
bσ2

QuadðkÞ are systematically negative. This “shrinkage” naturally arises as a consequence of 
quadratic loss penalizing overestimation more severely than underestimation. The table 
also reveals that as k increases, the biases, variances, and risks of all the AMRE estimators 
decrease at an approximate rate of k− 1.

Consistent with the unique optimality of the AMRE estimators, the risk of bσp
SteinðkÞ is ob

viously lower than that of bσp
QuadðkÞ under Stein’s loss, while the opposite holds true for the 

quadratic loss. Meanwhile, for larger values of k, say k≥15, the two AMRE estimators ap
parently enjoy very similar risks under both loss functions. This aligns with the common 
large-sample intuition that the same optimal estimator minimizes risks for all bowl-shaped 
loss functions (van der Vaart 1998), including the two losses considered here. Still, the find
ing that this occurs for k as low as fifteen is perhaps surprising.

2.2 Risk Comparisons with Alternative Estimators
To more directly highlight the advantages of the AMRE multiple-candlestick estimators, it 
is instructive to compare the asymptotic risks of the estimators with the risks of some of 
the alternative suboptimal estimators previously used in the literature.

Table 1 Critical values for highest density intervals of asymptotic minimum risk equivariant (AMRE) estimators

Panel A: Estimators for spot volatility σt

bσSteinðkÞ bσQuadðkÞ

k L10% U10% L5% U5% k L10% U10% L5% U5%

1 0.6354 1.4793 0.5950 1.6088 1 0.6744 1.5715 0.6361 1.7159
2 0.7350 1.3182 0.6964 1.3950 2 0.7568 1.3582 0.7189 1.4397
3 0.7796 1.2515 0.7482 1.3122 3 0.7950 1.2765 0.7650 1.3409
4 0.8103 1.2173 0.7787 1.2648 4 0.8232 1.2364 0.7920 1.2856
5 0.8288 1.1914 0.8014 1.2344 5 0.8388 1.2058 0.8116 1.2499
10 0.8788 1.1332 0.8565 1.1603 10 0.8848 1.1407 0.8624 1.1680
15 0.9003 1.1077 0.8826 1.1300 15 0.9041 1.1123 0.8864 1.1347
20 0.9126 1.0919 0.8984 1.1121 20 0.9153 1.0952 0.9010 1.1154

Panel B: Estimators for Spot Variance σ2
t

bσ2
SteinðkÞ bσ2

QuadðkÞ

k L10% U10% L5% U5% k L10% U10% L5% U5%

1 0.3671 2.2246 0.3186 2.6529 1 0.4583 2.8071 0.4019 3.3659
2 0.5123 1.7317 0.4624 1.9523 2 0.5784 1.9544 0.5181 2.2027
3 0.5891 1.5601 0.5357 1.7116 3 0.6371 1.6898 0.5804 1.8565
4 0.6435 1.4751 0.5930 1.5955 4 0.6764 1.5596 0.6267 1.6924
5 0.6785 1.4163 0.6314 1.5190 5 0.7096 1.4836 0.6600 1.5918
10 0.7642 1.2772 0.7275 1.3423 10 0.7846 1.3101 0.7465 1.3761
15 0.8058 1.2226 0.7730 1.2716 15 0.8175 1.2411 0.7846 1.2913
20 0.8315 1.1915 0.8028 1.2329 20 0.8392 1.2035 0.8119 1.2472

The table presents the simulated critical values to construct the highest density confidence intervals of the 
AMRE estimators for spot volatility ðσtÞ and spot variance ðσ2

t Þ across various block sizes ðkÞ, significance levels 
ðα 2 f10%;5%gÞ, and Stein and quadratic loss functions. For each choice of estimator, k and α, the critical value 
is numerically computed by a grid search using one million simulations based on Proposition 2. Panel A reports 
results for spot volatility estimators, while Panel B shows results for spot variance estimators.

8 For k¼ 1, the numbers in Table 2 perfectly align with those in Bollerslev et al.’s (2024). For k¼ 2, how
ever, slight discrepancies arise due to biases in the Euler discretization scheme and errors in estimating the func
tional relationships underlying the approximate numbers reported in Bollerslev et al. (2024).
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Our first such comparison speaks directly to the efficiency gains achieved by jointly 
utilizing the information in k adjacent candlesticks, as opposed to simply combining the 
corresponding k individual candlestick estimators. Specifically, consider the following ad 
hoc average estimators: 

�σp
SteinðkÞ �

1
k

Xk

i¼1

bσp
Stein;ið1Þ; �σp

QuadðkÞ �
1
k

Xk

i¼1

bσp
Quad;ið1Þ; (2.3) 

where bσp
Stein;ið1Þ and bσp

Quad;ið1Þ denote the respective AMRE estimators based solely on the 
ith candlestick. The estimators defined in Equation (2.3) obviously coincide with the 
AMRE estimators for k¼ 1. However, they differ from the AMRE estimators based on 
multiple candlesticks and k>1, by ignoring the interactions among different candlesticks. 
The calculation of the average estimators in Equation (2.3) also directly mirrors the class of 
realized volatility estimators studied by Christensen and Podolskij (2007, 2012), Martens 
and van Dijk (2007), and Li et al. (2025), obtained by replacing the summation of high- 
frequency squared returns in the traditional realized volatility estimators with the summa
tion of the corresponding high-frequency range-based estimators.

To assess the efficiency loss associated with the imposition of specific functional form and 
shape restrictions, we also consider the single-candlestick best linear unbiased estimator (BLUE) 
for the spot volatility proposed by Li, Wang, and Zhang (2024), together with the commonly 

Table 2 Asymptotic properties of asymptotic minimum risk equivariant (AMRE) estimators

Panel A: Estimators for spot volatility σt

bσSteinðkÞ bσQuadðkÞ

k Bias Var Stein Quad. k Bias Var Stein Quad.

1 −0.0002 0.0622 0.0309 0.0622 1 −0.0586 0.0551 0.0327 0.0585
2 0.0001 0.0307 0.0153 0.0307 2 −0.0296 0.0289 0.0157 0.0298
3 0.0001 0.0203 0.0101 0.0203 3 −0.0197 0.0195 0.0103 0.0198
4 0.0001 0.0151 0.0075 0.0151 4 −0.0148 0.0147 0.0076 0.0149
5 0.0001 0.0120 0.0060 0.0120 5 −0.0118 0.0118 0.0061 0.0119
10 −0.0001 0.0060 0.0030 0.0060 10 −0.0060 0.0059 0.0030 0.0059
15 0.0000 0.0040 0.0020 0.0040 15 −0.0039 0.0039 0.0020 0.0039
20 0.0001 0.0030 0.0015 0.0030 20 −0.0029 0.0030 0.0015 0.0030

Panel B: Estimators for spot variance σ2
t

bσ2
SteinðkÞ bσ2

QuadðkÞ

k Bias Var Stein Quad. k Bias Var Stein Quad.

1 −0.0003 0.2596 0.1221 0.2596 1 −0.2055 0.1634 0.1471 0.2056
2 0.0002 0.1263 0.0608 0.1263 2 −0.1113 0.0995 0.0676 0.1119
3 0.0003 0.0827 0.0402 0.0827 3 −0.0758 0.0705 0.0433 0.0762
4 0.0001 0.0613 0.0300 0.0613 4 −0.0576 0.0544 0.0318 0.0577
5 0.0001 0.0488 0.0240 0.0488 5 −0.0463 0.0443 0.0251 0.0465
10 −0.0001 0.0240 0.0119 0.0240 10 −0.0236 0.0229 0.0122 0.0234
15 0.0000 0.0159 0.0079 0.0159 15 −0.0157 0.0154 0.0080 0.0157
20 0.0001 0.0119 0.0059 0.0119 20 −0.0117 0.0116 0.0060 0.0118

The table presents asymptotic bias, variance, and risk of AMRE estimators for spot volatility (σt) and spot variance 
(σ2

t ) across various block sizes (k). The results are presented for both Stein and quadratic loss functions. The 
asymptotic quantities are computed via Monte Carlo integration using one million simulations based on Proposition 
2. Panel A reports results for spot volatility estimators, while Panel B shows results for spot variance estimators.
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used best quadratic unbiased estimator for spot variance proposed by Garman and 
Klass (1980): 

bσBLUE � 0:811w − 0:369jrj; bσ2
GK � 0:5015w2þ0:0095a2 − 0:3925r2: (2.4) 

In parallel to the simple average estimators defined in Equation (2.3), we also analyze 
the corresponding k-candlestick versions of these shape-restricted estimators obtained by 
averaging k individual estimators: 

�σBLUEðkÞ �
1
k

Xk

i¼1

bσBLUE;i; �σ2
GKðkÞ �

1
k

Xk

i¼1

bσ2
GK;i; (2.5) 

where bσBLUE;i and bσ2
GK;i denote the respective estimators based on the ith candlestick only. 

Finally, we also consider 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�σ2
GKðkÞ

q

as an estimator for the spot volatility, and 
�

�σBLUEðkÞ
�2 

as an estimator for the spot variance.
All in all, in addition to the AMRE estimators for spot volatility and spot variance under 

Stein’s and quadratic loss for each value of k, this leaves us with four suboptimal estimators 
for each of the two estimands and loss functions. Table 3 reports the relative efficiency for 
each of these suboptimal estimators, defined as the ratio of the AMRE estimator’s risk to 
the risk of the suboptimal estimators. Mirroring the format of the previous tables, the 

Table 3 Relative efficiency of alternative estimators

Panel A: Estimators for spot volatility σt

Stein’s loss Quadratic loss

k �σSteinðkÞ �σQuadðkÞ �σBLUEðkÞ
ffiffiffi
�σ
p 2

GKðkÞ k �σSteinðkÞ �σQuadðkÞ �σBLUEðkÞ
ffiffiffi
�σ
p 2

GKðkÞ

1 1.0000 0.9440 0.9908 0.9613 1 0.9408 1.0000 0.9357 0.9593
2 0.9827 0.8819 0.9755 0.9274 2 0.9551 0.9601 0.9503 0.9298
3 0.9743 0.8322 0.9677 0.9131 3 0.9567 0.9116 0.9519 0.9158
4 0.9691 0.7892 0.9627 0.9054 4 0.9564 0.8657 0.9515 0.9080
5 0.9659 0.7517 0.9596 0.9009 5 0.9560 0.8243 0.9510 0.9033
10 0.9580 0.6090 0.9523 0.8896 10 0.9535 0.6637 0.9487 0.8914
15 0.9550 0.5143 0.9493 0.8857 15 0.9521 0.5568 0.9471 0.8868
20 0.9535 0.4454 0.9478 0.8838 20 0.9512 0.4799 0.9462 0.8845

Panel B: Estimators for spot variance σ2
t

k �σ2
SteinðkÞ �σ2

QuadðkÞ �σ2
GKðkÞ

�
�σBLUEðkÞ

�2
k �σ2

SteinðkÞ �σ2
QuadðkÞ �σ2

GKðkÞ
�

�σBLUEðkÞ
�2

1 1.0000 0.8301 0.9749 0.9778 1 0.7920 1.0000 0.7650 0.6909
2 0.9634 0.6943 0.9357 0.9703 2 0.8586 0.9018 0.8293 0.8153
3 0.9482 0.6021 0.9191 0.9647 3 0.8794 0.7892 0.8492 0.8601
4 0.9395 0.5329 0.9102 0.9608 4 0.8888 0.6959 0.8585 0.8825
5 0.9344 0.4789 0.9048 0.9582 5 0.8945 0.6213 0.8639 0.8958
10 0.9226 0.3183 0.8918 0.9519 10 0.9037 0.4007 0.8725 0.9218
15 0.9182 0.2392 0.8871 0.9492 15 0.9056 0.2955 0.8741 0.9292
20 0.9160 0.1918 0.8848 0.9477 20 0.9064 0.2342 0.8749 0.9329

The table reports the relative efficiency of each estimator under Stein’s and quadratic loss. The relative efficiency 
is calculated as the ratio of the risk of the asymptotic minimum risk equivariant estimator to the risk of the 
estimator in each column. Panel A reports the results for spot volatility estimation, while Panel B reports the 
results for spot variance estimation.
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results for estimating spot volatility and variance are reported in Panels A and B, respec
tively, with the left and right portions of the table showing the results for Stein’s and qua
dratic loss, respectively.

Looking at Panel A and the results for spot volatility estimation, it is evident that the 
�σSteinðkÞ estimator performs quite well under Stein’s loss for all values of k. For k¼ 1, it is 
obviously optimal by design, and as k increases there is only a slight drop in its relative effi
ciency, which remains above 95% even for k¼ 20. Interestingly, this robustness extends to 
quadratic loss, even though the �σSteinðkÞ estimator is not specifically tailored to that loss 
function. The �σBLUEðkÞ estimator also performs quite similar to the �σSteinðkÞ estimator un
der both loss functions and across all values of k. By comparison, the popular Garman– 
Klass volatility estimator, and the simple averaged versions thereof, perform noticeably 
worse, especially for larger values of k. Under both Stein’s and quadratic loss, the relative 

efficiency of 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�σ2
GKðkÞ

q

is only 90% or lower for k≥5. Meanwhile, �σQuadðkÞ clearly stands 

out as the overall worst performing estimator under both loss functions, with rapidly dete
riorating relative efficiency for increasing values of k. Even under quadratic loss, where one 
might naturally expect the estimator to perform reasonably well, its relative efficiency is 
less than 50% for k¼ 20. This finding again underscores the inadequacy of simply averag
ing individual estimators, and shrinkage estimators in particular, as this does not achieve 
any of the bias reduction offered by the AMRE estimator that optimally combines the in
formation in multiple candlesticks.

Turning to panel B and the results for spot variance estimation, the general patterns 
largely mirror those observed for spot volatility estimation in Panel A. The �σ2

SteinðkÞ and 
�

�σBLUEðkÞ
�2 

estimators continue to perform relatively well compared to the other subopti

mal estimators. Meanwhile, the efficiency of the �σ2
QuadðkÞ estimator deteriorates even more 

rapidly than that of �σQuadðkÞ as k increases, attaining a relative efficiency of less than 25% 
for k¼ 20 under both loss functions. The efficiency gaps between the AMRE estimators 
and the suboptimal estimators are also systematically larger for spot variance estimation 
than for spot volatility estimation, underscoring the importance of choosing the “right” 
estimator for the relevant loss function.

In summary, the k-candlestick AMRE estimators often demonstrate sizable efficiency gains 
compared to some of the suboptimal estimators hitherto used in the literature, especially when 
considering estimators based on multiple candlesticks. Simply combining individual candlestick 
estimators in an ad hoc fashion in the construction of k-candlestick estimators, even if the indi
vidual estimators are themselves “optimal,” is clearly not the “right” thing to do.

2.3 Qualitative Features of the Optimal Estimators
The results in the previous section demonstrated nontrivial efficiency gains for the optimal 
estimators. At the same time, the complicated functional forms of the estimators make it 
difficult to discern where the gains are coming from. To help address this question, we 
directly link the form of the estimators to a set of more intuitive and easily interpretable 
candlestick features.

The specific features that we use consist of the sample averages and standard deviations 
of the single-candlestick characteristics ðwi; jrij;aiÞ1≤ i≤k. That is: 

μwðkÞ ¼
1
k

Xk

i¼1

wi; μjrjðkÞ ¼
1
k

Xk

i¼1

jrij; μaðkÞ ¼
1
k

Xk

i¼1

ai; (2.6) 

and 
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vwðkÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
k

Xk

i¼1

�
wi − μwðkÞ

�2

v
u
u
t ; vjrjðkÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
k

Xk

i¼1

�
jrij− μjrjðkÞ

�2

v
u
u
t ;

vaðkÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
k

Xk

i¼1

�
ai − μaðkÞ

�2

v
u
u
t :

(2.7) 

We will refer to these six features jointly as xðkÞ �
�

μwðkÞ;μjrjðkÞ;μaðkÞ;vwðkÞ;vjrjðkÞ;vaðkÞ
�

. 
By directly linking the AMRE estimators to xðkÞ, we aim to better understand the key 
“volatility signals” embedded within the candlestick data.9

For brevity, we focus our analysis on spot volatility estimation. Specifically, for each 
AMRE spot volatility estimator, bσ 2 fbσStein;bσQuadg, we calculate the following “best subset 
regression” by running it over a large number of simulations: 

min
β2R6
E½
�
bσ − xðkÞ � β

�2
�; s:t: ∥β∥0 ≤q;

where ∥β∥0 counts the number of nonzero coefficients in β, and q 2 f1; . . . ;6g is an integer 
that controls the complexity of the approximation. Hence, by increasing q from 1 to 6, we 
are able to uncover the most important features for best approximating bσ in descending or
der, allowing us to rank the features in terms of their relative importance for best approxi
mating a specific AMRE estimator.

Figure 1 shows the resulting incremental relative efficiency gains averaged across 
2≤k≤20 under both Stein’s and quadratic loss. The rankings for both loss functions are 
the same, in descending order: μw � μjrj � vw � μa � vjrj � va. Meanwhile, the two highest 
ranked features, namely the average range, μw, and the average absolute return, μjrj, obvi
ously account for the vast majority of the variation in the AMRE estimators. Interestingly, 
w and jrj are also the only building blocks for the simple BLUE estimator studied in Section 
2.2. Further along those lines, it readily follows that the average BLUE estimator also stud
ied in Section 2.2 may be expressed as �σBLUEðkÞ ¼ 0:811μwðkÞ−0:369μjrjðkÞ. The relative 
ranking of the different features in Figure 1 thus also indirectly helps explain the surpris
ingly low average relative efficiency loss for the �σBLUEðkÞ estimator previously observed in 
Panel A in Table 3.

The third most important ranked feature in Figure 1 is vw, which measures the dispersion 
among the candlestick ranges. The figure also shows that the incremental contribution of 
this feature is relatively modest, adding just over 1% on average in terms of the estimators’ 
relative efficiency. The remaining three features, the average asymmetry, μa, and the disper
sions of the absolute return and the asymmetry, vjrj and va, add even less explana
tory power.

As representative examples, the approximations based on the top three features for 
k¼ 5 are: 

bσSteinð5Þ � 0:8238μw − 0:3458μjrj − 0:0890vw;

bσQuadð5Þ � 0:8146μw − 0:3468μjrj − 0:0809vw:

The projection coefficients for μjrj and vw are both negative, with the latter being relatively 
small. The negative coefficients indicate that for the same average range, spot volatility tends 

9 These same general types of features are also used more informally by traders and finance practitioners in 
the context of so-called technical analysis (see, e.g., Nison 2001).
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to be higher when the average absolute return is smaller and when the candlestick ranges are 
more uniform in size. Table 4 presents the projection coefficients for other values of k, which 
exhibit the same general pattern.

In summary, estimators that only rely on linear combinations of the six interpretable fea
tures in Equations (15) and (16) are able to achieve an average relative efficiency of 97.2% 
under both Stein’s and quadratic loss. In other words, restricting a candlestick estimator to 
only depend on these six features invariably results in an efficiency loss of at least 2.8% on 
average, underscoring the complexity of the AMRE multiple-candlestick estimators and 
the intricate ways in which they depend on the joint information embedded in all the 
candlesticks.

Table 4 Best subset regression coefficients for q ¼ 3

bσSteinðkÞ bσQuadðkÞ

k μw μjrj vw R.Eff. k μw μjrj vw R.Eff.

2 0.8161 −0.3464 −0.0714 0.9862 2 0.7948 −0.3474 −0.0575 0.9871
3 0.8209 −0.3454 −0.0845 0.9806 3 0.8060 −0.3467 −0.0726 0.9816
4 0.8229 −0.3455 −0.0882 0.9764 4 0.8115 −0.3466 −0.0784 0.9774
5 0.8238 −0.3458 −0.0890 0.9731 5 0.8146 −0.3468 −0.0809 0.9741
6 0.8243 −0.3462 −0.0889 0.9706 6 0.8166 −0.3470 −0.0819 0.9715
7 0.8246 −0.3465 −0.0883 0.9687 7 0.8180 −0.3473 −0.0823 0.9696
8 0.8248 −0.3468 −0.0877 0.9671 8 0.8189 −0.3474 −0.0824 0.9680
9 0.8249 −0.3471 −0.0870 0.9659 9 0.8197 −0.3477 −0.0822 0.9667
10 0.8250 −0.3474 −0.0865 0.9649 10 0.8203 −0.3479 −0.0822 0.9657
11 0.8250 −0.3475 −0.0860 0.9640 11 0.8208 −0.3480 −0.0821 0.9647
12 0.8251 −0.3477 −0.0856 0.9633 12 0.8212 −0.3482 −0.0820 0.9640
13 0.8251 −0.3479 −0.0851 0.9626 13 0.8215 −0.3483 −0.0818 0.9633
14 0.8251 −0.3481 −0.0847 0.9620 14 0.8218 −0.3485 −0.0816 0.9627
15 0.8251 −0.3483 −0.0842 0.9616 15 0.8220 −0.3487 −0.0813 0.9622
16 0.8252 −0.3485 −0.0838 0.9612 16 0.8223 −0.3489 −0.0811 0.9618
17 0.8252 −0.3487 −0.0834 0.9608 17 0.8224 −0.3490 −0.0808 0.9614
18 0.8252 −0.3489 −0.0830 0.9604 18 0.8226 −0.3492 −0.0806 0.9610
19 0.8252 −0.3490 −0.0828 0.9601 19 0.8228 −0.3493 −0.0805 0.9606
20 0.8252 −0.3491 −0.0826 0.9598 20 0.8229 −0.3493 −0.0804 0.9603

The table reports the estimated coefficients for the q¼ 3 most important candlestick features for k¼ 2; . . .;20, 
together with the relative efficiency, calculated as the ratio of the risk of the asymptotic minimum risk 
equivariant estimators to the risk of the approximating estimators.

Figure 1 Incremental contribution to relative efficiency by interpretable candlestick features. For each 
feature, the order of relevance is determined by its selection order in sequential best subset regression, with 
its contribution measured by the incremental relative efficiency when added to previously selected features.
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3 An Empirical Illustration
Following decades of sustained low inflation, the disruptions stemming from the COVID-19 
pandemic resulted in a marked upsurge in U.S. inflation and a renewed interest by macroeco
nomists in studying inflation and indicators thereof (see, e.g., Ball, Leigh, and Mishra 2024; 
Barro and Bianchi 2025; Bernanke and Blanchard 2025). Motivated by this increased recent 
interest, we use the new high-frequency-candlestick-based AMRE spot volatility estimators 
to analyze the stock market’s reaction to the precisely timed releases of the monthly con
sumer price index (CPI) and the monthly index for personal consumption expenditures 
(PCE). These are both important indicators of inflationary trends and they also directly in
fluence decisions by the Federal Reserve (Fed). Although the PCE is the official target mea
sure used by the Fed for gauging inflation and determining monetary policy, the CPI 
announcements often garner more immediate attention. The CPI for a given month is also 
released before the PCE for that same month, typically by about two weeks. This timing 
discrepancy means that economists and financial market participants naturally learn and 
adjust their expectations about the PCE based on the earlier release of the CPI. 
Correspondingly, asset prices similarly tend to react more sharply to news about CPI than 
PCE, even though the latter is arguably of more direct importance for the Fed’s decision- 
making process. The importance of the release-schedule in ranking the importance of dif
ferent news announcements has also previously been emphasized in the literature (see, e.g., 
the discussion Andersen et al. 2003).

We focus our analysis on four announcements in the second half of 2023. This was a 
critical time when the Fed was actively raising interest rates to combat persistent inflation 
in the wake of the COVID-19 pandemic. During this period, the Federal Open Market 
Committee (FOMC) also explicitly stated that its monetary policy would be data- 
dependent, particularly on inflation levels. As such, the releases of the CPI and PCE num
bers arguably carried even greater significance than usual, as they directly influenced 
expectations of future interest rate changes and thus financial asset prices more generally 
and the stock market in particular. In other words, it is precisely at times like these one 
might expect the new more accurate estimates to be especially useful.

We rely on high-frequency candlestick data for the E-mini S&P 500 futures at the 1-min 
frequency.10 We consider the prices observed one-and-a-half-hour before and after each 
announcement and estimate the spot volatility over short 5-min-estimation-windows 
(k¼ 5). A robustness check using other choices of k is provided in the online supplemen
tary material. It is well documented that scheduled announcements could be accompanied 
by fixed time price jumps (e.g., Andersen et al. 2003; Faust et al. 2007), volatility jumps 
(e.g., Bollerslev, Li, and Xue, 2018; Todorov and Zhang, 2025), drift bursts (e.g., 
Christensen, Oomen, and Ren�o 2022; Laurent, Ren�o, and Shi 2024), which may cause the 
Itô semimartingale setting in Equation (1) to fail locally at the release time. Therefore, we 
purposely exclude the 1-min candlestick observed immediately after each release to miti
gate the effects of potential violations. To assess the sampling variability of the estimates, 
we also calculate the 95% HD confidence intervals, following the discussion in Section 2.1. 
Since the estimation window only spans 5 min, we are able to capture the immediate mar
ket reaction before and after each release. For comparison, we also calculate a simple 
benchmark estimator constructed as the square-root of the sum of the 1-min squared 
returns over the same 5-min intervals, along with the corresponding confidence intervals.11

Figure 2 shows the results for the four CPI announcements, with the results for the four 
10 The one-minute candlestick data is directly sourced from TickData.com (https://www.tickdata.com/prod 

uct/historical-futures-data/).
11 This mimics the estimators commonly used in the literature on high-frequency identification via hetero

skedasticity (see, e.g., Bollerslev et al. 2018) and the discussion therein. More advanced return-based spot vola
tility estimators have recently been proposed by Li and Linton (2023) and Figueroa-L�opez and Wu (2024), 
among others.
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PCE announcements depicted in Figure 3. The left columns in both figures show the 
candlestick-based AMRE estimates, while the right columns display the traditional return- 
based estimates.

Looking at the candlestick-based AMRE estimates, all of the four news releases for each 
of the indicators evidently resulted in highly significant changes in the market volatility. 
Each of the announcements also evidences a fairly similar pattern in the form of an initial 
sharp rise at the 8:30 a.m. release time, followed by a gradual almost monotone conver
gence to lower volatility within the next hour. Then at 9:30 a.m., concurrent with the offi
cial opening of the stock exchange, there is another pronounced spike followed by another 

Figure 2 Spot volatility estimation for E-mini S&P 500 futures around consumer price index releases. Each 
spot volatility estimator is based on five consecutive candlesticks sampled at a 1-min frequency. The 
estimation windows are nonoverlapping. The left (resp. right) column represents asymptotic minimum risk 
equivariant (AMRE) estimates under Stein’s loss (resp. conventional return-based estimates).
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gradual reversal to more normal levels. This, of course, is also in line with the well- 
documented U-shaped pattern in volatility generally observed over the trading day. 
Interestingly, for all four CPI announcements this second opening spike is noticeably lower 
than the spike observed soon after the announcement, underscoring the economic impor
tance of the CPI. By comparison, the volatility observed at the market opening on the four 
PCE announcement days often exceed the volatility observed shortly after the news an
nouncement. The overall increases in the volatility associated with the PCE announcements 
are also significantly less than those for the CPI announcements, again reflecting the 

Figure 3 Spot volatility estimation for E-mini S&P 500 futures around PCE releases. Each spot volatility 
estimator is based on five consecutive candlesticks sampled at a 1-min frequency. The estimation windows 
are nonoverlapping. The left (resp. right) column represents asymptotic minimum risk equivariant (AMRE) 
estimates under Stein’s loss (resp. conventional return-based estimates).
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importance of the release schedule and the fact that market participants update their 
expectations about the PCE based on the earlier CPI numbers.

In contrast to these systematic patterns, the traditional return-based volatility estimates 
shown in the right columns in Figures 2 and 3 appear much more erratic, making it difficult 
to discern any commonalities in the way in which the market volatility behaves around the 
news announcements. This, of course, is also directly reflected in the much wider confi
dence intervals for the return-based estimates. The relatively smooth and consistent pat
terns observed for the candlestick-based estimates are even more remarkable in light of the 
fact that there is no “built-in” smoothing across the individual estimates. Instead, the effi
cient use of the joint information in the five adjacent 1-min candlesticks evidently allows 
for much more accurate point estimates compared to the traditional return-based esti
mates, underscoring the usefulness of the estimators as a new practical tool for reliably 
studying the behavior of volatilities and variances over ultra short time intervals.

4 Concluding Remarks
Leveraging new analytical insights into the structure of optimal spot volatility estimators 
based on multiple high-frequency candlesticks, we present a novel numerical procedure 
that enables efficient and accurate numerical computation of the estimators. Our new pro
cedure conveniently bypasses the curse-of-dimensionality problem that has hitherto ren
dered the implementation of the optimal estimators impractical. We also introduce an 
exact and easy-to-implement sampling scheme for candlestick data that overcomes the 
“inward” bias that plagues conventional simulation-based methods for extrema in continu
ous time settings. Utilizing the new theoretical tools, we numerically compare the asymp
totic risks of the estimators that optimally use the information embedded in multiple 
candlesticks with those of existing estimators. We also provide new insights into the most 
important features of the candlestick data behind the documented efficiency gains. We also 
demonstrate the practical usefulness of the new techniques for estimating and analyzing ag
gregate stock market volatility around the time of important news announcements pertain
ing to U.S. inflation.

Our results hold the promise of wider practical usage of the new now computationally 
feasible optimal candlestick-based estimators, in turn allowing for a better understanding 
of financial market volatility over short intraday time horizons and the way in which finan
cial markets react to and process new information. Relatedly, the estimators may serve as a 
valuable new tool in the growing literature predicated on identification through significant 
high-frequency economic news announcement effects.
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Appendix: Proofs

Proof of Proposition 1.  We begin by noting that, for each set of candlestick features 
ðjefi;rj;

efi;w;
efi;aÞ, its joint density function pðjefi;rj;

efi;w;
efi;aÞ is proportional to the eg 

function in Equation (1.9), that is, pðjefi;rj;
efi;w;

efi;aÞ / egðjefi;rj;
efi;w;

efi;aÞ. This can be 
verified from the derivation under Equation (A8) of Bollerslev, Li, and Li (2024). By 
the independence of Brownian motions across blocks, the joint density of efk 
thus satisfies: 
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i¼1

egðjefi;rj;
efi;w;

efi;aÞ:

We now derive an explicit expression of the conditional expectation Fk;qð�Þ in terms 
of the above density, which further leads to the desired expressions of the AMRE 
estimators. By definition of the conditional expectation and the Bayes formula, 
we have: 
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where ep is the joint density function of ef1;w;
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which can be expressed in terms of the density of efk since the Jacobian of this 
transformation is w3k − 1: 
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Consider the integral below for some m 2 f0;qg and by a change of variable 
v�w=ef1;w, we have: 
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Setting efk ¼ Ck and applying the above result to the numerator and denominator of 
the right-hand side of (Appendix: Proofs), and notice that the proportionality 
constants cancel out by division, we arrive at: 

Fk;q
jr1j

w1
;

a1

w1
;
w2

w1
;
jr2j

w1
;

a2

w1
; . . . ;

wk

w1
;
jrkj

w1
;

ak

w1

� �

¼ wq
1 �

Ð1
0 vqþ 3k − 1Qk

i¼1 egðvjrij; vwi; vaiÞdv
Ð1
0 v3k − 1

Qk
i¼1 egðvjrij; vwi; vaiÞdv

¼ wq
1 �

Mk;qðCkÞ

Mk;0ðCkÞ
:

The desired expressions of bσp
SteinðkÞ and bσp

QuadðkÞ follow immediately from the above 
expression and Equation (1.6). Finally, we note that a sufficient condition for Mk;pðCkÞ

to exist is 3kþp − 1≥0, since the integrand eg is finite at v¼ 0 and decays to zero 
exponentially fast as v ! 1. Therefore, k≥ ð1− 2pÞ=3Ú1 ensures that both Mk;pðCkÞ

and Mk;2pðCkÞ exist, so that bσp
SteinðkÞ and bσp

QuadðkÞ are well-defined. Q:E:D:

Proof of Proposition 2.  To prove ðr;h; lÞ¼d ðefr;
efh;
eflÞ, it suffices to show that: 

r¼d efr; hjr¼d efhj
efr; ljh; r¼d eflj

efr;
efh: (A.2) 

The first relation is obvious. For the second relation, we start with the joint law of 
ðefh;

efrÞ which can be found in, e.g., Shepp (1979): 
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where h≥ ðrÚ0Þ. The density of efh conditional on efr is thus 
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Direct integration reveals that 

Fefhj
efr
ðhjrÞ ¼

ðh

rÚ0
fefhj
efr
ðsjrÞds ¼ 1 − exp f2ðr − hÞhg;

from which one can directly calculate its inverse function 
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By the probability integral transform, the second relation in Equation (A.2) is then 
immediate. For the last relation, we derive the density of efl conditioning on efr and efh: 

fef l j
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where l≤ rÙ0 and the analytical form of fefr ;
efh;
efh
ðr;h; lÞ can be found in, for example, 

Feller (1951). It is now straightforward to verify that F0ðl; r;hÞ ¼ fef l j
efr;
efh
ðljr;hÞ, and 

one can also check that Fð−1; r;hÞ ¼ 0 and FðrÙ0; r;hÞ ¼ 1. In other words, 
Fðl; r;hÞ is the cumulative distribution function of efl conditional on efr and efh. The 
solution v¼ Fðl; r;hÞ is thus an implicit probability integral transform, and the third 
relation in Equation (A.2) readily follows, which completes the proof. Q:E:D:
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